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Abstract

In the vicinity of plasmonic nanostructures that support highly confined light fields, spontaneous emission processes,
such as two-photon spontaneous emission (TPSE), exhibit higher-order multipolar emission pathways beyond the dipolar
one. These multipolar emission channels occur simultaneously and can interfere with each other. We develop a novel
framework that computes these interference effects for TPSE of a quantum emitter close to an arbitrary nanostructure.
The model is based on the computation of Purcell factors that can be calculated with conventional electromagnetic
simulations, which avoids complex analytic calculations for the environment. For a transition of a hydrogen-like emitter
close to a graphene nanotriangle, we demonstrate a breakdown of the dipolar selection rule in the TPSE process. This
breakdown is due to a huge enhancement of the two-electric dipole (2ED) and of the two-electric quadrupole (2EQ)
transitions. We observe an important interference between these multipolar transitions, as it increases the total rate by
67 %. In the end, our framework is a complete tool to design emitters and nanostructures for TPSE, where the exploita-
tion of previously ignored interference effects provides an additional degree of freedom, for example to boost desired
transitions and to supress undesirable ones.

Keywords Two-photon spontaneous emission - Interference - Dipole approximation breakdown - Plasmonic
nanostructure - Framework - Purcell factor

1 Introduction

Two-photon spontaneous emission (TPSE) is a broadband second-order process in the field of light-matter interaction
that involves the simultaneous emission of two photons from a quantum emitter. Enhancing and tailoring this process
is of great interest, as it promises several applications [1, 2], for example as an alternative to conventional entangled
photon pair sources using the parametric down-conversion process in nonlinear crystals [3] for quantum applications
[4-7]. Since its prediction in 1931 [8], this second-order process has been investigated in many systems, such as in atoms
[9-11], molecules [12], quantum dots [13-15], semiconductors [4, 16-18], epsilon-near-zero-materials [19], plasmonic
nanostructures [2, 20, 21], and cosmic strings [22].

Despite the interest in controlling the TPSE process [23], it typically occurs 8 to 10 orders of magnitude slower than
the competing spontaneous emission of a single photon [24]. However, electromagnetic interactions with the sur-
rounding environment are known to modify spontaneous emission rates of quantum emitters: the Purcell effect [25,
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26]. Specifically, when the electromagnetic field is confined at the nanometer scale, such as in plasmonic nanostruc-
tures [27-36], there is a light emission enhancement by several orders of magnitude [24, 37]. Moreover, higher-order
transitions can be enhanced and even outperform the electric dipole single-photon transition, leading to multiquanta
and multipolar transitions [24, 27, 36]. For example, a local breakdown of the dipole selection rule was calculated for
a hydrogen-like emitter near graphene nanoislands, where the one-photon quadrupolar transition rate becomes 100
times larger than the dipolar one [36].

Allowed transitions between two given states of a quantum emitter are dictated by selection rules [38]. Between two
states of an atom, there is only one possible decay channel for the emission of a single photon (e.g., electric dipole, mag-
netic dipole, electric quadrupole, etc.) [38], and therefore no interference. However in the TPSE process, the second-order
transition is mediated by virtual intermediate states, allowing multiple multipolar emission channels to exist simultane-
ously [39]. For example, in vacuum and for a2s — 1s transition in hydrogen, the two-electric dipole (2ED), two-magnetic
dipole (2MD), and two-electric quadrupole (2EQ) multipolar emission channels occur simultaneously, however, with the
2MD and 2EQ transition being twelve and thirteen orders of magnitude slower than the 2ED one, respectively [39]. Unlike
in vacuum, inside a photonic environment the multipolar field distributions are modified and interference between
multipolar emission channels can occur, leading to an increase or decrease of the total transition rate [40]. Thereby, if in
a system (atom plus environment) several multipolar two-photon emission channels are of the same order magnitude
and are responsible for the emitter transition rate, it is necessary to take into account the interference effects among the
dominant channels [40]. Note that in the case of molecules and asymmetric quantum dots, multiple multipolar single-
photon emission channels can occur simultaneously, and therefore can interfere. For example, interference effects were
studied between the one-photon magnetic dipole and electric quadrupole transitions in molecules [37] and between
one-photon electric dipole, magnetic dipole and electric quadrupole transitions in quantum dots [41], but never between
two-photon multipolar transitions to our knowledge.

In this paper we study the interference effects between the two-photon multipolar emission channels of an atom
near a plasmonic nanostructure. For this purpose we add the interference terms to our framework [42] that computes
the TPSE rate of a quantum emitter at any position, close to an arbitrary structure, and beyond the dipolar approxima-
tion by considering interactions up to the electric quadrupolar order. The framework relies on the analytical calculation
of the emitter contribution and on the classical computation of one-photon Purcell factors by modeling classical point
emitters in electromagnetic simulations for the environment contribution, which allows the consideration of complex
geometries without available analytical models. In comparison with the formula derived by Muniz et al. [43] to calculate
the 2ED transition rate, for example near plasmonic nanostructures [20] and in cosmic strings [22], the formula we derive
contains additional terms that are linked to the off-diagonal components of the Green’s function, and it is therefore more
general [42]. Note that our framework is based on Fermi’s golden rule and is therefore limited to the weak-coupling
regime [42]. Furthermore, for the extreme case of large emitters (larger than 1 nm) placed very close to a nanostructure
(~ 1 nm distance), their reduction to a point may require even higher orders than the quadrupolar order [44]. Then, we
calculate the interference effects between the 2ED and 2EQ emission channels for a 55 — 3s transition in a hydrogen-
like emitter near a graphene nanotriangle, where the results show a breakdown of the dipole approximation in the TPSE
process and an important increase of the total two-photon transition rate due to the interference between the two decay
channels. In order to carry out this study we needed to calculate the 2ED and 2EQ transition rates in vacuum, which were
not reported before (see Section lll of the Supporting Information).

First, in the method section, we derive the interference term that we write as a function of the one-photon Purcell
factors. Then we develop the methods used to calculate the emitter contribution as well as the Purcell factors, and the
method section ends with a concluding discussion. Next in the results and discussion section, our extended framework
is used to study the interference effects between the 2ED and 2EQ emission channels of a hydrogen-like emitter near a
graphene nanotriangle.

2 Method

Previously we established a link between the TPSE rate of an emitter and the Purcell factors of the one-photon spontane-
ous emission process [42]. This connection was derived for the 2ED, 2MD and 2EQ transitions and holds true regardless
of the emitter and its environment. Here, we extend this connection with additional terms that account for interference
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effects between the two-photon multipolar emission channels. In particular, as the 2MD transition is negligible near a
graphene nanotriangle, we focus on the interaction between the 2ED and 2EQ transitions.

We start with the Hamiltonian that characterizes the interactions between the emitter and the electromagnetic field,
followed by an examination of the multipolar contributions, including interferences, to the overall TPSE process. Next,
we provide the expression for the total TPSE rate that is derived using the second-order Fermi’s golden rule, and we
introduce the term describing interference between the 2ED and 2EQ emission channels. Subsequently, we express the
interference term as a function of the dyadic Green's function, we establish the link with the one-photon Purcell factors,
and we discuss the derived formulas. Note that Section | of the Supporting Information (SI) contains the full developments
leading to the presented equations. Finally, our methods to calculate the emitter contribution and the Purcell factors
are explained and we end with a conclusion on the method.

2.1 Interaction Hamiltonian

We consider the interaction Hamiltonian up to the electric quadrupolar order [26, 451:

Hy« (R, t) = —d - E(R, 1) —Q : [VER,1)],

e — — M
Hep Heq

where the emitter position R is taken at the center of its charge distribution, and where the magnetic dipolar interaction
is discarded since the structure considered later is not relevant to enhance this interaction [33, 46]. V = (%, % %)T
represents a column vector with T indicating the transpose operation, the dot product denotes the scalar product of
vectors, while the product VE s an outer product. Additionally, the double dot productisdefinedas T : U:=3%,. T ;U;

with T and U two tensors of rank greater than or equal to two. Moreover, d and Q are, respectively, the electric dipole (ED)
and the electric quadrupole (EQ) moment operators, while Eis the electric field operator that can be written as a function
of the normal modes A, (r) [42, 47, 48].
In the second-order TPSE process the total transition rate ng results from three multipolar contributions:
2 7@ _17®@ (2) (2)

Ftot ~ F2ED+2EQ - 1ﬂzED + lﬂzEQ + F2ED02EQ’ 2
where the superscript (2) indicates second-order transitions, where the spatial dependency has been omitted, and with
F(ZZE)D+2EQ being the total transition rate due to the 2ED and 2EQ transitions. On the one hand, there are the 2ED and 2EQ
transitions, under which both photons are emitted via the same multipolar first-order transition. Note that there are also
the mixed transitions ED-EQ and EQ-ED in which the photons originate from different multipolar first-order transitions.

However, these are not considered here as they are not allowed between two states of an hydrogen atom that have the
same azimuthal quantum number [38, 39]. On the other hand, there is the interference term Fézz)onzeo describing the
interference among the 2ED and 2EQ emission channels [40]. Note that the interference term can be either positive or

negative, potentially resulting in an increase or decrease of the overall TPSE rate.

2.2 Total two-photon spontaneous emission rate

Using the interaction Hamiltonian [Eq. (1)] in the second-order Fermi’s golden rule [40], the total TPSE rate can be
expressed as follows (see the Sl and Fig. 1):

re

T . . 2
2ED+2EQ(R) = W Z @, @y |Aa . Deg . Aa, + VAa . Qeg . VAa’| (S(weg —w, — a)ar), (3)
0

a,a’

where the summations run over the modes « and «’ of the two emitted quanta during this process. ¢, is the vacuum
electric permittivity, w, denotes the angular frequency of the photon in the mode a, 6 represents the Dirac delta distribu-

tion, and 7 w,, corresponds to the transition energy between the excited and the ground state of the emitter, with 72 the

reduced Planck constant. We have omitted the spatial dependency of the field modes A,(R), as well as the frequency
dependency of the second-order transition electric dipole and quadrupole moments, defined as [40, 42]:
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Fig. 1 Energy representation of a second-order transition. The emitter carries out a first transition from its excited state |e) to a virtual inter-
mediate state |[m) by emitting a photon in the mode a. Then, a second transition is carried out to the ground state |g) of lower energy by
emitting a photon in the mode «’. The emitter performs either a 2ED or a 2EQ transition that interfere, leading to three contributions to the
total transition rate [Eq. (2)]. The 2ED and 2EQ transitions are mediated by different intermediate states. In the case of a transition between
two s states (characterized by an azimuthal quantum number /=0), the 2ED transition is mediated by p states (/ = 1), while the 2EQ transition
is mediated by d states (/ = 2) [39]. The law of conservation of energy implies that the energy of the two photons is equal to the transition
energy: ho, + ho hw,q. A similar representation can be sketched by inverting the role of the two emitted quanta

o =

<demdmg N dmgdem >

eg -
D (a)ar a)a’) . % o — W Wy — D (4a)
Qem ng ng Qem
Qeg(wal a)a/) = < + >1
z em — @y Wem — Oy (4b)

Im)

where the outer product is implied. These tensors represent the emitter contribution and their definitions involve a
summation over the virtual intermediate states |[m) of the emitter that connect, via the selection rules, the initial state
to the final one. hw,,, is the energy difference between the excited and intermediate states of the emitter. These second
and fourth rank tensors describe the two successive electric dipole and electric quadrupole transitions, respectively,
between the excited |e) state and the ground state |g) of the emitter. These consecutive transitions, assisted by a virtual
intermediate state and each emitting a quantum, are described by the first-order electric dipole and quadrupole
moments, denoted as d? and Q%. Note that in the case of an's — s two-photon transition, the summation over |m)
denotes a summation over the principal and the magnetic quantum numbers of the intermediate states (see Sec. Ill of
the SI), the azimuthal quantum number being fixed (see caption of Fig. 1).
From equation (3), the interference term of equation (2) can be written as (see the SI):

(2) _ 7 . . *
I eonaeq(® =2 Re<4egh2 2 0,0y (A, - DA, )(VA, 1 Q7 1 VA, ) 8(wey — @, — a)a/)>, (5)
aa’

where Re stands for the real part, which will be omitted hereafter for clarity. In vacuum the interference term vanishes
[40]. The 2ED and 2EQ terms in equation (2) are given in Ref. [42] and in the SI.

2.3 Interference term via the Green’s function

To derive an expression for the interference term that relies on one-photon Purcell factors, we first normalize it with

the 2ED and 2EQ transition rates in vacuum, and then we rewrite it as a function of the dyadic Green'’s function [26,
42]. We obtain (see the SI):
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(2) _ ) .
Deonaee® = /o Yaepmaea(@iR) da, ©)

with the spectral distribution rate of the emitted quanta

2) .
V26pn2e(@iR)

2 2
\/yéE)D,O(a)) y;E)Q,O (@)

The Einstein summation convention is used, the caret indicates normalized tensors (i.e., for an nt" rank tensor U with

0 - . 2. ) (2)
n € No, 0:=U/||Ulwith[U|?:=Y, , |U ’) v pandy e

rates, whose expressions are given in Ref. [42] and calculated in the Sl for s — s transitions. Furthermore, the third rank
tensor T is defined as a function of the imaginary part of the Green'’s function:

2\/_7[C

Ti(@R) :=———{0,, Im Gy(wjr,¥')}

Aeg €9 *
=2D,, (0, weg — ) [ijbc(a), Weq — w)] T (@iR) Topc(Weg — @iR). 7)

andy.Z’ arerespectively the 2ED and 2EQ vacuum transition

r=r'=R’ (8)
where d,, means derivative with respect to the coordinates of . Hence, the interference term involves the first derivatives
of the imaginary part of the Green’s function [41], and is related to the power emitted by an electric point dipole and an
electric point quadrupole at the same position (See Section Il of the SI). Similarly, the 2ED transition is related to Im G or
the power emitted by dipolar point sources [26], while the 2EQ transition is related to the double derivative of Im G or
the power emitted by quadrupolar point sources [23, 41, 42]. Note that the first tensor T in equation (7) is related to the
quanta emitted at the frequency w, while the second one concerns the complementary frequency w,, —

The derived equation (7) contains 3° terms, but fortunately we can leverage the properties of the tensor Q% derived from
the symmetric and traceless properties of electric quadrupole moments to eliminate redundant terms. This reduction results
in a formula involving 32 x 52 terms (see the SI):

) .
V26pn2eq(@iR)

35
R Y 2 (0,0 - )| 050,05 - )| F@R)F (00 — oR), ©)
\/7’2ED,0(C‘)) Vaeqol@) =T

where the superscript of the second rank tensor FFPE, which is expressed as a function of the tensor T, has been omitted.
The first index in Latin letter and the second one in Greek letter of this Tensor are related, respectively, to the second-
order electric dipole and electric quadrupole transition moments. This formula was obtained by employing a modified
Voigt notation that allows to rewrite the tensor Q% as a second-rank tensor in five dimensions after removing redundant
components arising from the symmetry and traceless properties [42].

2.4 Interference term as a function of Purcell factors

In the weak-coupling regime, the Purcell factor is defined as the ratio between the one-photon transition rate of a quantum
emitter in a given photonic environment and in vacuum, P:=F“)/F(()”, which can be calculated by considering classical
radiating point sources [26]. In the case where multiple multipolar emission channels contribute to the transition rate, the
classical source is described by the superposition of multipolar point sources, with multipolar moments identical to the
multipolar transition moments of the emitter. In the TPSE process, the two-photon Purcell effect can be written as a weighted
summation of the product between the one-photon Purcell factors of the two emitted quanta, where the summation runs
over different source orientations (see the SI).
The total spectral TPSE rate is split into three contributions [Eq. (2)]:

7 st 260 @R = Vagn + Vo + Vatoraray (10
where the 2ED and 2EQ contributions have been written as function of one-photon Purcell factors in Ref. [42], and where
the interference term (which we want to express as a function of the Purcell factors) is given in equation (9).

To link with the Purcell factors, the idea is to assume specific directions for the first-order multipolar transition moments
involved in the definition of the second-order multipolar transitions moments [Eq. (4)]. Since general electric dipole and
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quadrupole moments involve, respectively, up to three and five independent components, they can be expanded with
an orthonormal basis of 3 dipoles and 5 quadrupoles. For the dipolar moments, these are the three basis vectors, while
for the quadrupolar ones, the basis is built from two different types of planar quadrupoles [42]. Type | (Qyz, QXZ, and Qxy)
involve solely off-diagonal components, while Type Il (QXX and ny) involves only diagonal components and differs from
type | by an in-plane rotation of 45° [42]. In our adapted Voigt notation, these quadrupoles are represented by a five
dimensional vector in which only the y-th component is non-zero and equals to 1 /\/5.1

Let us take the two first-order electric dipole transition moments aligned along one basis vector, i.e., d"=d" =e
with i = 1,2, 3, and the two first-order electric quadrupole transition moments aligned along one basis vector, |.e.,
Q" =Q" = éﬂ/\/z with y = 1,...,5.In this case, using equations (4), the normalized second-order multipolar transi-
tion moments are given by

DY =ee, (11a)
aeg 1.
Q = Eeﬂeﬂ. (11b)

Therefore, using the equations in Ref. [42] for the 2ED and 2EQ terms, equation (9) for the interference term, and
equations (11) for the multipolar moments, the total transition rate given by equation (10) is rewritten as

) _ ., @ ED /ED 2) EQp/EQ (2) 2) 1 EDNEQ /EDr\EQ
Vaepsaeq = Yaemo P P+ Vakqo Pu P +2 V 72ep0 Y2EQ0 5 Foo o Fi (12)

where the dependencies have been omitted. Pl.ED and PEQ correspond to the Purcell factors related to an electric dipole
aligned along €, and to an electric quadrupole aligned along &, [42], respectively. For clarity we adopt the following
notation: without prime denotes an evaluation at w, with prime means the complementary frequency o,, — ®.

The left-hand side of the last equation yZED+2EQ can also be written as a function of the product between two Purcell
factors: PI.E”D+EQP;§D+EQ, with Pl.EMDJrEQ being the Purcell factor related to an electric dipole aligned along &, plus an electric
quadrupole aligned along éM (see the Sl). However, this left-hand side also contains the mixed transitions ED-EQ and

EQ-ED, which have been discarded in the right-hand side in our developments based on Fermi’s golden rule. Therefore,
by removing the mixed transition contributions in the left-hand side and by noticing that the interference terms
describing the interaction between the 2ED and 2EQ transitions and between the mixed transitions ED-EQ and EQ-ED
are identical,> we obtain an expression for the tensor FEPEQ 35 a function of the one-photon Purcell factors (see the Sl):

1/4 1
2 ) EDNEQ __ ) 2) ED+EQ ) ED _ 2 EQ
(7’2ED0 yZEQO) Fi = %[(V}/ZED,O_'— \/72EQ,0>P1,4 =V 700 P =V 72e0 Pa ]' (13)

where the dependencies have been omitted. Note that in vacuum, all Purcell factors tend towards one and the tensor
FEPEQ tends, as expected, towards zero, leading to an interference term [Eq. (9)] equal to zero.
The Purcell factors involved in the last equation can be calculated via the power emitted by classical point sources [26]:

WED WEQ
PP=—_,  pR=_~ (14a)
i ED EQ
w; # W,
ED+EQ
ED+EQ _ in
Pf'u WED WEQ (14b)

! The factor 1 /\/5 for the quadrupoles is the normalization factor for quadrupoles that are described by two equal components in absolute
value.

2 Indeed, both situations are identical from an interference point of view, since it is always an interaction between an ED and EQ emission
channel, leading to the same tensor FE°"®2and to the same interference term.
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where the subscript 0 indicates quantities that refer to vacuum. WiED, W,EQ' and W;DJ’EQ denote the power emitted by a
classical dipole aligned along &;, by a classical quadrupole aligned along & , and by the superposition of both sources,
respectively. Note that WiiD+EQ contains the interference term between the ED and EQ point sources and that there is no
interference in vacuum. In addition, to calculate VI/iiD+EQ, the power emitted by the classical multipolar sources represent-

ing the multipolar transition moments of the emitter need to be set according to the two-photon multipolar transition
rates in vacuum:

(15)

In the most general case, 3 Purcell factors PI.ED, 3 Purcell factors PEQ, and 15 Purcell factors P,AEMD+EQ are necessary to
calculate the 15 components of the tensor FEP"EQ involved in the interference term of the equation (9). Note that the
Purcell factors P,.ED and P,EQ are already calculated when calculating the 2ED and 2EQ transition rates [42]. Depending on
the symmetry of the studied photonic environment, the coordinate basis can be chosen so that some Purcell factors are
equal, thus reducing the number of Purcell factors to calculate. For example, in the case of an azimuthal symmetry around
the zaxis: PP = P;D.

2.5 Calculation of the emitter contribution

To calculate the interference term given by equation (9), one first needs to calculate the emitter contribution: the second-
order transitions moments and the rates in vacuum. This is done analytically for the 55 — 3s transition in hydrogen via
the wave functions of the emitter. The related transition energy is w,, = 0.967 eV, which corresponds to a wavelength
of 1.28 pm. The normalized second-order transition moments have been calculated analytically for s — s transitions in
Refs. [42, 43] and are independent of the frequencies of the emitted quanta:

p9_ L

- \/E’ (16a)

4/3 =2/3000

w1 P23 43000
=—] 0 0 100 (16b)

V20l 0 o0 o010

0 0 00T

where 15 is the identity matrix in three dimensions.

To calculate the vacuum 2ED and 2EQ transition rates, we employ the method by Chluba and Sunyaev [49, 50] in their
calculation of 2ED transition spectra for the ns — 1sand nd — 1stransitions in hydrogen. Moreover, we used the analytical
expression derived by Matsumoto [51] for the multipole matrix elements to extend the method to the 2EQ transition.
The detailed calculation is presented in Section Il of the SI. Thus, the vacuum TPSE rate related to the multipolar operator
MO € {ED, EQ} can be written as follows:

weg 1/2
Moo= [ Fonoa@do= [ 65 010y 07)
0 0

(2) 2)
2MO,0 2MO,0

frequency interval between y and y + dy, with y:=w/w,, the dimensionless frequency comprised between 0 and 1
[49]. The latter emission profile encompasses the photons emitted simultaneously during this second-order process at
complementary frequencies, necessitating integration over only half of the spectrum.? Furthermore, the probability of

where ¢ V) =20, yéi/)loo(w) and where ¢ (y) dy denotes the number of photons emitted per second in the

3 The definition of }’éi/}\oo(w) does not count the quanta emitted simultaneously at complementary frequencies, which explains the factor 2

difference with the definition of the emission profile ¢(22,3|00(y).
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emitting a photon at one frequency is equal to the probability of emitting a photon at the complementary frequency,
leading to symmetric spectra with respect to w = w,,/2[49]. For the 55 — 3 s transition, we obtained the following val-

ues: T =118 x 107257, ¢S5 (1/2) =3.24x 107257, T =143 x 107557}, ¢ (1/2) =5.96 X 107"° s~ These

values are in agreement with the ones available in the literature (see the SI) [39, 49].
2.6 Computation of Purcell factors

To calculate the three contributions to the total two-photon transition rate [Eq.(10)], one then needs to compute Purcell
factors of multipolar point sources at different frequencies. Specifically, we use COMSOL Multiphysics’, which is based
on the finite element method, but any other electromagnetic tool can be employed. In total, there are 6 Purcell factors
to calculate the 2ED transition rate by modeling electric point dipoles [42], 15 to calculate the 2EQ transition rate by
modeling electric point quadrupoles [42], and 15 to calculate the interference by modeling the superposition of the two
electric multipole point sources [Eqgs. (9) and (13)]. They correspond to different source orientations and their computation
is carried out over a range of frequencies. All these source orientations are required because the emitter is spherically
symmetric (see the calculated transition moments in Egs. (16)). Furthermore, when simulating superposition of multipolar
sources at the same position, the power emitted by the classical sources is chosen in such a way that equation (15) is
verified, which allows to account for the branching fraction of the multipolar emission channels. In addition, due to the
expression of the electric dipole and quadrupole moment operators [45], the electric dipole moments are in phase with
the electric quadrupole ones. The expression of the free-space emitted power for point sources can be found in Ref. [52].

Inside a photonic environment, a quantum emitter can decay either radiatively in the case of emission of photons
(energy radiated in the far-field) or non-radiatively in the case of energy dissipation in the environment, for example
in the form of plasmons or phonons [26]. Near plasmonic nanostructures, the non-radiative channel is dominated by
the excitation of plasmons. This decomposition into three pathways is valid for the 2ED and 2EQ transitions. As a result,
the two-quanta spontaneous emission process is given by three distinct emission pathways: the photon-photon (ph-
ph), photon-plasmon (ph-pl), and plasmon-plasmon (pl-pl) emission channels, which can be calculated through the
decomposition of the Purcell factors into radiative and non-radiative parts.

The parameters of our COMSOL models to compute in the frequency domain the Purcell factors for the hydrogen-like
emitter under the graphene nanotriangle [Fig. 23, b] are as follows. First, the simulation domain is a sphere with a radius equal
to half the studied wavelength 4, and perfectly matched layers (PMLs) are defined as an outer layer with a thickness of 1/8.
Second, the graphene nanotriangle is modeled using a transition boundary condition [53] applied to a two-dimensional
equilateral triangle with rounded corners of 2 nm, an effective thickness of t = 0.335 nm [54], and a side length C ranging
from 10 to 80 nm. Its optical response is characterized by a 2D surface conductivity [55, 56] that is given in Section IV of
the SI. Thus, the graphene optical response can be tuned via its Fermi energy E, i.e., the doping level. Third, the classical
emitter is positioned 2 nm under the nanotriangle and is modelled by a radiating electric point dipole, quadrupole, or the
superposition of both. We implemented the weak formulation of the electric point quadrupole: —jw,uo‘L—? : Vtest(E(R)),
where Q is the electric quadrupole moment and test(E(R)) is the test function of the electric field. As mentioned above,
different orientations of the classical point sources need to be considered to calculate TPSE spectra. Fourth, the Purcell factors
are determined through the integration of emitted power. For the radiative part, this integration is carried out on the inner
surface of the PMLs, while for the total part (radiative plus non-radiative), it is performed on the surface of a fictional sphere
with a 1.5 nm radius centered on the emitter. Fifth, an unstructured tetrahedral mesh is used, where the smallest element
has a characteristic size of 0.6 nm on the structure and 0.3 nm on the sphere around the emitter. The computation of the 36
Purcell factors is performed on two workstations using an AMD Ryzen Threadripper PRO 5995WX 64-core CPU and 512GB
of RAM, thus enabling their computation in parallel. For example for a triangle side length of 23 nm, the computation of one
Purcell factor over 145 frequencies required 12 GB of RAM and 7.5 hours on 4 cores.

2.7 Method conclusion

We derived the interference term as a function of the dyadic Green’s function in equation (9), which can be either positive
or negative, resulting in an increase or a decrease of the total TPSE rate. Then, we established in equation (13) the link with
the Purcell factors related to one-photon processes, enabling the classical computation of the impact of the environment
via equations (14) by modeling point sources in conventional electromagnetic software packages (with e.g., finite element
method [57], finite-difference time-domain method [58], etc.), as is the case for the 2ED and 2EQ transitions [42]. In other
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Fig.2 a, b Sketch of the photon-photon (ph-ph, subplot a) and plasmon-plasmon (pl-pl, subplot b) emission channels of the TPSE process
fora5s — 3s transition of a hydrogen-like emitter. Its transition frequency is hw,, = 0.967 eV (wavelength of 1.28 um). The emitter is placed
2 nm below a 0.335 nm thickness graphene triangle of side length C. The first quantum is emitted at the frequency @ while the second one
is emitted at the complementary frequency w,, — . ¢-h Ph-ph (first row) and pl-pl (second row) emission channels of the spectral TPSE
rate as a function of the graphene Fermi energy E, and of the triangle side length C at ® = w,,/2. The emitter is placed 2 nm below a corner
of the structure. The green and blue dots correspond to: E; = 0.31eV, C = 23 nm and E; = 1€V, C = 23.9 nm. ¢, f Logarithm of the vacuum

normalized spectral TPSE rate for the 2ED transition. d, g Logarithm of the vacuum normalized spectral TPSE rate for the 2EQ transition. e, h
Logarithm of the ratio between the 2EQ and 2ED transition rates
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words, the computation of interference between two-photon multipolar emission channels is based on the computation of
interference between classical multipolar sources for both emitted quanta. Furthermore, similar equations can be derived
for the interference between the other two-photon multipolar emission pathways (2MD and mixed transitions). Therefore,
we have a complete framework allowing to calculate the two-photon Purcell effect of a quantum emitter in a given photonic
environment up to electric quadrupolar order, with the inclusion of interference effects and valid regardless of the emitter
and its environment.

In our formulas the electronic structure of the emitter (included in the second-order multipolar transition moments D
and Q%) is decoupled from the influence of the photonic environment, and therefore can be calculated separately. The
environment contribution involves one tensor FE°" 2 for each emitted quantum, whose components can be either positive or
negative [Eq. (13)]. Interestingly, the formulation with Purcell factors allows the separate calculation of the radiative (emission
of photons to the far field) and non-radiative (absorption by the environment) emission channels to the TPSE process [26],
giving access to the quantum efficiency.

3 Results and discussion

We study interference effects between two-photon multipolar emission channels during a5s — 3s transition of a hydrogen
atom placed 2 nm under a two-dimensional graphene nanotriangle (see Fig. 2a, b). We have selected this structure because
it is a good candidate to observe a 2EQ transition rate similar to the 2ED one [36], a necessary criterion to observe interfer-
ence effects. Indeed, it was shown in Ref. [36] for one-photon spontaneous emission that the EQ transition rate can become
locally 100 times larger than the dipolar one for a hydrogen-like emitter placed under the corners of a graphene nanotriangle
(for specific dipole and quadrupole orientations).

Since this structure does not contribute significantly to enhancing magnetic transitions [33] and since the mixed ED-EQ
and EQ-ED two-photon transitions are prohibited by selection rules between two hydrogen states that have the same
azimuthal quantum number [38, 39], the total TPSE rate comprises the three contributions discussed in equation (2): 2ED, 2EQ,
and their interference. Indeed, 2MD spectra have been computed (not shown) and are more than 15 orders of magnitude
lower than 2EQ for all channels.

To underline the impact of interference effects on the overall TPSE rate, the following metric is used [371:

yé?szEQ(w;R)

2) )

R(w;R):= .
Yep(@R) + 7,¢ (@R)

(18)

Thus, a negative R value corresponds to destructive interference while a positive one denotes a constructive interference.
Moreover, values of -1 and 1 denote fully destructive and constructive effects, respectively, while a value of 0 indicates
the absence of interference. By analogy with the interference between two waves, the maximum value of R in absolute
value is given by

N
Q7 4 2ED
1+ Vaea/ Yoo

Thus, the closer the ratio between the 2EQ and 2ED transition rates is to 1, the greater the interference effects in the
total TPSE rate can be, i.e., the larger the absolute values of R can be. For example, ratios of 107,102, and 103 give
Rax = 57.5%,19.8 %, and 6.3 %, respectively, while R ..., = 10 % for a ratio equal to 2.5 x 10~3. Thereby, a ratio of 2.5 x 1073
between two multipolar channels indicates a possible threshold for the appearance of two-photon interference effects.

Note that in the case of 2D plasmonic infinite materials, the ratio can be written as a function of the confinement factor

n: yéég/yéég =n yézEg,o/yézE)D,o [59], thus a threshold as a function of the confinement factor can be derived. For example,

forthe2s — 1sand5s — 3stransitions, the confinement factor threshold is# = 215and 340, which are achievable values
with graphene nanostructures [59, 60].

The considered system is defined by three parameters: the Fermi energy of graphene E, the triangle side length
C, and the position of the emitter with respect to the structure. First, we show in Fig. 2c-h the 2ED and 2EQ spectral
transition rates at w,,/2 as a function of £ and Ciin the case where the emitter is placed under a corner of the trian-
gle. Then, these two rates and the metric R are calculated in Fig. 3 as a function of the emitter position for a specific
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value of the parameters E; and C, still at w,, /2. Finally, spectra of the total TPSE rate and of R are shown in Fig. 4 and
discussed for two sets of parameters, for which the surface charge density is plotted in Fig. 5.

Figure 2c—h shows the ph-ph and pl-pl emission pathways for the 2ED and 2EQ transition rates and their ratio as a func-
tion of the Fermi energy and of the structure size. For the photon-photon emission channel (first row), lines are present
for the 2ED and 2EQ transitions (Fig. 2c and d) for Fermi energy roughly greater than 0.4 eV, which correspond to radiative
modes excited on the structure. For the plasmon-plasmon emission channel (second row), new lines appear correspond-
ing to non-radiative modes. Note that in this case, both dipolar and quadrupolar excitations result in the excitation of
the same modes (Fig. 2f and g), but the rate enhancement is higher for the 2EQ transition (note the larger values on the

scale of figures). Indeed, the maximum values for the ph-ph channel are:y? /y(z) =5.1%x 108,72 /y(z) =2.0x10",

2ED/ Y 2ED,0 2EQ/ 7 2EQ,0
and yé?Q/ny)D = 2.9 x 1072, while for the pl-pl channel they are: 7?[)/7;?&0 =29x10", yé?Q/yé?Q’O =1.3x10%, and
yé?Q/y;?D = 0.24, showing a breakdown of the dipole approximation in the TPSE process since the 2EQ transition is not

negligible. In contrast to the one-photon spontaneous emission process where the total EQ transition can be two orders
of magnitude higher than the total ED transition for plasmon channel for transition moments parallel to the triangle
[36], the TPSE process implies a summation over all possible intermediate states and therefore a summation over the
emitter’s orientations, including these that are less favorable to exhibit a higher ratio between the 2ED and 2EQ channels.
Furthermore, the ratio )/EZE)Q/;/EZE?3 for the pl-pl channel (Fig. 2h) is the highest in a horizontal band roughly between
Er = 0.29eV and 0.36 eV, which is independent of the structure size. Indeed when the Fermi energy decreases, graphene
losses increase due to interband transitions [61] (see the Figure IV.1 in the SI). Thus, the plasmons excited on the structure
are rapidly absorbed, leading to a localized response independent of the structure size. Note that for Fermi energies
below E; = 0.29 eV, graphene assumes a dielectric behavior, rendering plasmon excitation impossible. However, we keep
the notation “pl” to refer to the non-radiative channel.

The previous results were for an emitter below a triangle corner. Now we vary the emitter position, showing that
interferences are indeed strongest at the corners. In Fig. 3 the ph-ph and pl-pl 2ED and 2EQ transition rates, their
ratio, and the metric R are plotted for the parameters E; = 0.31eV and C = 23 nm, corresponding to the green dots
on Fig. 2c-h (localized response, high ratio for the pl-pl channel). When two quanta of same type are emitted at the
same frequency, the tensor FFP"E2 appears squared in the interference term given by equation (9) and, consequently,

2 2) 2 2 Rt 2
log <'Y£E)D/ 7§ED.0> log (AéE)Q/ ”/élz)Q,fJ) log <7§E)Q/ A/EE)D> R
x 1072 %1076
10 ap ?" b c ;
= 6
= 4
0
5 2
=R 4
> 0 !
~10 ]
e L fh.,
22
10
4 20
0 10 0 10 0 10 0 10
x [nm] x [nm] x [nm] x [nm]

Fig.3 Ph-ph (first row) and pl-pl (second row) emission channels of the spectral TPSE rate as a function of the emitter position at w = w,, /2.
The emitter is placed 2 nm below the structure, the graphene Fermi energy and the side length are £, = 0.31eV and C = 23 nm (green dots
on Fig. 2c-h). A step size of 0.4 nm is used to discretize the space, leading to the computation over 435 positions on one-sixth of the trian-
gle, since the whole figure can be retrieved using the symmetry of the structure. Note that a bilinear interpolation is used. a, e Logarithm
of the vacuum normalized spectral TPSE rate for the 2ED transition. b, f Logarithm of the vacuum normalized spectral TPSE rate for the 2EQ
transition. ¢, g Logarithm of the ratio between the 2EQ and 2ED transition rates. d, h Metric R
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Fig.4 Ph-ph and pl-pl emission channels of the spectral TPSE rate. For the subplots a-d, the emitter is placed 2 nm under a corner of the
graphene triangle characterized by the parameters £ = 0.31eV and C = 23 nm (green dots on Fig. 2c-h). For the subplots e-h, the emitter
is positioned 2 nm below the center of the structure that is characterized by the parameters £, = 1eV, C = 23.9 nm (blue dots on Fig. 2c-h).
The spectra were computed over 145 frequencies. The first quantum is emitted at the frequency @ while the second one is emitted at the
complementary frequency w,, — w, leading to symmetric spectra. a, e Vacuum normalized spectral TPSE rate for the 2ED transition. b, f Vac-
uum normalized spectral TPSE rate for the 2EQ transition. ¢, g Metric R for two emission pathways. d, h Plot for the pl-pl channel (d) and the
ph-ph channel (h) of the 2ED and 2EQ transition rates, the direct sum of these two, and the total transition rate, where the total one includes
the interference contribution. The link between the emission profiles y and ¢ is given by the equation (17)

Fig.5 Surface charge density on the graphene nanotriangle for an electric dipole oriented along the red arrow. a Localized response cor-
responding to the parameter set E; = 0.31eV and C = 23 nm (green dots on Fig. 2c-h), with the emitter under a corner. b Plasmonic mode
corresponding to the parameter set £, = 1eV and C = 23.9 nm (blue dots on Fig. 2c-h), with the emitter under the center

the environmental contribution is always positive. Therefore, as the second-order transition moments D% and Q%9
involve mostly positive components [Egs. 16], the system will always show a constructive interference.

For the photon-photon emission channel (first row), the 2ED and 2EQ transition rates present different patterns (Fig. 3a
and b). For the 2ED transition, the rate is weaker than in vacuum and drops away from the structure, while for the 2EQ
transition the rate is higher near the borders, especially near the corners, and decreases more slowly away from the
structure to reach the vacuum value. Indeed, near the borders and particularly near the corners, there is an increased
field gradient, resulting in a greater enhancement of the quadrupole interaction, resulting in a higher ratio between the
2EQ and 2ED transitions. Moreover, the metric R (Fig. 3d) is non-zero only at the borders of the structure and the highest
values are at the corners. Due to the 6 orders of magnitude difference between the 2ED and 2EQ transition rates, the R
values are low, with a maximum of 3 x 1073,
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For the plasmon-plasmon emission channel (second row), the 2ED and 2EQ transition rates are fairly independent of
the position below the structure (Fig. 3e and f). Moreover, R (Fig. 3h) is always non-zero under the triangle and is higher

at the borders, especially near the corners. For this channel the maximum values are: y;é)o/y;?D =0.22and R =67 %.

Therefore, the total transition rate is 2 times higher than the 2ED transition rate, demonstrating a breakdown of the dipole
approximation (the 2EQ transition is not negligible) in the TPSE process where interference effects play an important role.

The previous results showed the rate of two quanta emitted at the same frequency = w,,/2. Now we show TPSE
spectra where constructive and destructive interferences occur. Figure 4 illustrates the spectra related to the ph-ph and
pl-pl emission pathways of the 2ED and 2EQ transition rates, the metric R as well as the total TPSE rate for one channel
(ph-ph or pl-pl). We employ two parameter sets: 1) E; = 0.31eV,C = 23 nm (localized response illustrated in Fig. 5a, green
dots on Fig. 2)c-h with the emitter under a corner; and 2) E; = 1eV, C = 23.9 nm (plasmonic mode illustrated in Fig. 5b,
blue dots on Fig. 2c-h) with the emitter under the center of the structure.

For the first set of parameters (first row), the interferences are always positive (Fig. 4c, R > 0), resulting in an increase
in the transition rate. For the pl-pl channel (Fig. 4d) at @ = w,,/2, ¢(225)D =84x10°s7, qb(zzE)Q =14x%x10°s"",R=63%,
and (,bgi = 1.6 x 10's7". Thus, the total transition rate is 1.9 times higher than the 2ED transition rate. For the second
set (second row), destructive interference occurs for the ph-ph channel (Fig. 4g, R < 0). For this channel (Fig. 4h) at
® = 022 X 0, P = 44 % 107257,¢2 = 65x 1074 s, R = =21 %, and >, = 3.5 x 10725~ Thus, the total transition

2ED 2EQ tot
rate is 20 % lower than the 2ED transition rate, demonstrating the destructive interference.

4 Conclusion

We include interference effects between multipolar emission pathways in our framework for calculating two-photon
spontaneous emission (TPSE) spectra of a quantum emitter in the vicinity of an arbitrarily shaped nanostructure. The
influence of the environment is formulated in terms of Purcell factors of the one-photon spontaneous emission process,
thus enabling the classical computation of the impact of the environment by modeling point sources in electromagnetic
simulations. For interference terms multipolar point sources are superposed at the position of the emitter and are
weighted appropriately by the multipolar vacuum TPSE rates. Therefore, the calculation of the quantum interference
is carried out through the calculation of classical interference between multipolar sources. Also, when two quanta of
same type are emitted at the same frequency, the system is always in a constructive interference configuration, if the
second-order transition moments involve mostly positive components, as is the case for s — s transitions in hydrogen.
Furthermore, interference can lead to a modification greater than 10 % of the total transition rate when the ratio between
two multipolar pathways is greater than 2.5 x 1073, highlighting a threshold above which one needs to care about
interference effects. Finally, our study focused on the interference between the two-electric dipole (2ED) and two-electric
quadrupole (2EQ) transitions, but similar equations can be obtained for calculating interference between mixed and/
or magnetic transitions.

Concretely, we use classical finite-element Maxwell equations’ software to study TPSE for a 55 — 3s transition of a
hydrogen-like emitter placed 2 nm under a plasmonic graphene nanotriangle. We show a huge enhancement of the
2ED and 2EQ transitions, of 8 and 19 orders of magnitude for the emission of two photons, and of 15 and 26 orders of
magnitude for the excitation of two plasmons. For the latter channel the 2EQ rate reaches 24 % of the 2ED rate, showing
a breakdown of the electric dipole approximation in the TPSE process. Moreover, we find constructive and destructive
interference configurations between these two pathways, with for example an increase of 67 % of the total transition
rate due to the interference near the triangle corner, leading to a total transition rate being twice as large as the 2ED
transition rate. Therefore, it is important to consider higher-order multipolar interactions and interference effects between
multipolar two-photon transitions in systems where the field is highly confined. Experimentally, the triangular graphene
nanoflakes can be synthesized [62], and the emitter-structure distance could be controlled with a transparent dielectric
spacer such as NaCl [63]. The hydrogen atom is supposed here as a proof-of-concept, but more conventional emitters,
such as Rydberg atoms [11] or quantum dots [41], should lead to similar conclusions.

Our framework is a complete tool to design and optimize systems for TPSE, where the exploitation of interference
effects provides an additional degree of freedom. Moreover, the radiative and non-radiative channels can be calculated
separately, enabling to determine the quantum efficiency. It paves the way for designing TPSE nanoantennas, just like
the rich assortment that exists for single-photon emission processes [64]. For example, it can be used to design efficient
entangled two-photon sources, as an alternative to the conventional parametric down-conversion sources, where the
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system could emit photons of different energy in the far-field in different directions. In addition, the method can be used
to study two-photon spontaneous processes for diverse and complex quantum emitters using state-of-the-art quantum
mechanical methods [65] to calculate multipole moments. The emitter could be optimized to suppress the one-photon
transition while increasing the two-photon one, leading to promising molecular photonic quantum technologies [66, 67].

5 Supporting information available

The Supporting Information includes the detailed derivation of the interference term betweenthe two-electric dipole
and the two-electric quadrupole multipolar emission pathways as afunction of Purcell factors, a note relative to the
power emitted by classical point sources,the detailed calculation of the two-electric dipole and of the two-electric
quadrupole vacuumtransition rates between the 5s and 3s states of the hydrogen atom as well as the parametersof the
optical response of graphene.
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